
Spiral plat

avec une courbe terminale

Courbe terminale externe

Influence d'une retouche de la courbe 

Spiral plat avec une seule courbe terminale externe

Influence d'une déformation de la courbe terminale

Calculs numériques et approximations de Haag

Caractéristiques du spiral

Référence :C:\Résonateur (TA)\Data\Bal_spiral plat (ex num).mcd(R)

Référence :C:\Résonateur (TA)\Data\Définition Atan.mcd(R)

Dimensions ép 0.03mm= ha 0.15mm= S 4.5 10
3−

× mm
2

= TOL 10
12−

:=

d2sp 4.52mm= dV 1.1 mm⋅:= dB d1sp:= psp 0.135mm= nsp

d2sp dB−

2 psp⋅
:=

L π
nsp

2
⋅ d2sp dB+( )⋅:= L 11.182 cm= ψ0 2 π⋅ nsp⋅:= ψ0 4.56 10

3
× deg=

Position du point de raccordement sur le spiral αA π:= rA 0.5 d2sp⋅:= zA rA e
i αA⋅

⋅:=

Forme initiale du spiral

a
psp

2 π⋅
:= rs α( ) rA a α αA−( )⋅−:= x0s α( ) rs α( ) cos α( )⋅:= y0s α( ) rs α( ) sin α( )⋅:=

s α( )
1

2 a⋅
rA

2
rs α( )

2
−



⋅:= s α( ) rA α αA−( )⋅

a

2
α αA−( )2⋅−:=

Référence :C:\Résonateur (TA)\Tables\Modules J, I et W des barres élastiques.mcd(R)

I33 If_rect ép ha,( ):=

Courbe terminale externe

rt1 0.8:= rPh racine 2 rt1⋅ 1−( )4 4 1 rt1−( )4⋅− π
2
rt1

2
⋅ 1 rt1−( )2⋅− rt1,



 rA⋅:= rPh 0.832 rA=

rt2 rt1( ) 2 rt1⋅ rA−:= β0 arctan
π rPh⋅

2 rA rPh−( )⋅









:= β0 82.695 deg= lt rt1( ) rt2 rt1( ) β0⋅ π rt1⋅+:=

X0t1 rt1 αt,( ) rA rt1− rt1 cos α t( )⋅+:= Y0t1 rt1 αt,( ) rt1 sin αt( )⋅:=

X0t2 rt1 β t,( ) rt2 rt1( )− cos β t( )⋅:= Y0t2 rt1 β t,( ) rt2 rt1( )− sin β t( )⋅:= OA rA e
i π⋅

⋅:=

Position du point d'attache αB mod ψ0 π+ 2 π⋅,( ):= αB 60deg= rB 0.5 dB⋅:=

OB rB e
i π ψ0+( )⋅

⋅:= Lt rt1( ) lt rt1( ) L+:=

Graphe

nt 201:= j 0 nt 1−..:= ∆αt
π

nt 1−
:= αt

j
j ∆αt⋅:= Xt

j
X0t1 rPh αt

j
,( ):= Yt

j
Y0t1 rPh αt

j
,( ):=

∆β t

β0

nt 1−
:= β t

j
j ∆β t⋅:= Xt2

j
X0t2 rPh β t

j
,( ):= Yt2

j
Y0t2 rPh β t

j
,( ):=

Xt pile Xt Xt2,( ):= Yt pile Yt Yt2,( ):= r0t Xt
2

Yt
2

+

→

:= β t Atan Xt Yt,( )
→

:=
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Perturbation de période en position horizontale

Cas d'une courbe de Phillips

Paramètres de la courbe terminale externe

Z0t1 rt1 α,( ) X0t1 rt1 α,( ) i Y0t1 rt1 α,( )⋅+:= Z0t2 rt1 α,( ) X0t2 rt1 α,( ) i Y0t2 rt1 α,( )⋅+:=

Z1 rt1( ) 1

rA
2

0

π

αZ0t1 rt1 α,( ) rt1⋅
⌠

⌡

d

0

β0

βZ0t2 rt1 β,( ) rt2 rt1( )⋅
⌠

⌡

d+










⋅ i−:=

ρ01 Z1 rPh( ):= ϕ01 arg Z1 rPh( )( ):= ρ01 0= ϕ01 90− deg=

Z2 rt1( ) 1

rA
3

0

π

αrt1 α⋅ Z0t1 rt1 α,( )⋅ rt1⋅
⌠

⌡

d

0

β0

βrt1 π⋅ rt2 rt1( ) β⋅+( ) Z0t2 rt1 β,( )⋅ rt2 rt1( )⋅
⌠

⌡

d+










⋅ 1+:=

ρ02 Z2 rPh( ):= ϕ02 arg Z2 rPh( )( ):= ρ02 1.055= ϕ02 147.579deg=

Modifications de la forme de la courbe terminale

Valeurs de test x1 1.02:= x2 0.98:= rt1 x1 rPh⋅:=

ρ1 rt1( ) Z1 rt1( ):= ϕ1 rt1( ) arg Z1 rt1( )( ):= ρ2 rt1( ) Z2 rt1( ):= ϕ2 rt1( ) arg Z2 rt1( )( ):=

ρ1 rt1( ) 0.082= ϕ1 rt1( ) 168.521deg= ρ2 rt1( ) 1.274= ϕ2 rt1( ) 156.245deg=
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Calcul numérique de la perturbation de période

wA rt1 θ,( ) i rA ρ1 rt1( )⋅ e
i− ϕ1 rt1( )⋅

⋅ 2 a⋅+




⋅

θ

Lt rt1( ) rA
2

⋅ ρ2 rt1( )⋅ e
i− ϕ2 rt1( )⋅

⋅+







exp i θ⋅

lt rt1( )
Lt rt1( )⋅









⋅ OA⋅:=

wB rt1 θ,( ) i− i rB⋅ 2 a⋅+( )⋅
θ

Lt rt1( ) rB
2

⋅−







exp i θ⋅

lt rt1( ) L+

Lt rt1( )⋅








⋅ OB⋅:=

w rt1 θ,( ) θ

Lt rt1( ) wA rt1 θ,( ) wB rt1 θ,( )+( )⋅:= w rt1 θ0,( ) 0.019 0.019i+ mm=

σ2
rA

2
rB

2
+

2
:= σ2 2.705mm

2
= Χw rt1 θ,( )

w rt1 θ,( )( )2

σ2
:= γw rt1 θ,( )

θ
Χw rt1 θ,( )d

d
:=

δH rt1 θ0,( ) 1−

2 π⋅ θ0⋅
0

2 π⋅

ϕγw rt1 θ0 cos ϕ( )⋅,( ) cos ϕ( )⋅
⌠

⌡

d⋅:=

µH x θ0,( ) 86400− δH x rPh⋅ θ0,( )⋅:= µH x1 θ0,( ) 2.401= µH x1 180 deg⋅,( ) 0.655=

Solution analytique

A rt1( ) 1

Lt rt1( )2
rA

4
ρ1 rt1( )2⋅ rB

4
+ 4 a⋅ rA

3
⋅ ρ1 rt1( )⋅ cos ϕ1 rt1( )( )⋅+ 4 a

2
⋅ rA

2
rB

2
+



⋅+



⋅:=

B rt1( ) 3

2 Lt rt1( )4⋅
rA

6
ρ2 rt1( )2⋅ rB

6
+



⋅:=

C1 rt1( ) 2 a⋅ rA⋅ rB⋅ rB sin ψ0( )⋅ rA ρ1 rt1( )⋅ cos ψ0 ϕ1 rt1( )+( )⋅− 2 a⋅ cos ψ0( )⋅−( )⋅:=

C rt1( ) 2

Lt rt1( )2
C1 rt1( ) rA

2
rB

2
⋅ ρ1 rt1( )⋅ sin ψ0 ϕ1 rt1( )+( )⋅+



⋅:=

D1 rt1( ) rA rB
2

⋅ ρ1 rt1( )⋅ cos ψ0 ϕ1 rt1( )+( )⋅ rA
2
rB⋅ ρ2 rt1( )⋅ sin ψ0 ϕ2 rt1( )+( )⋅+:=

D rt1( )
2 rA⋅ rB⋅

Lt rt1( )3
D1 rt1( ) 2 a⋅ rB

2
cos ψ0( )⋅ rA

2
ρ2 rt1( )⋅ cos ψ0 ϕ2 rt1( )+( )⋅−



⋅+



⋅:=

K rt1( ) 2

Lt rt1( )4
rA

3
⋅ rB

3
⋅ ρ2 rt1( )⋅ cos ψ0 ϕ2 rt1( )+( )⋅:=

F x( ) J0 x( ) x J1 x( )⋅−:= H x( ) x 1 x
2

+( )⋅ J1 x( )⋅ 2 x
2

⋅ J0 x( )⋅−:= G x( ) x− J1 x( ) x J0 x( )⋅+( )⋅:=

δaH rt1 θ0,( ) 1−

σ2
A rt1( ) B rt1( ) θ02⋅+ C rt1( ) F θ0( )⋅+ D rt1( ) G θ0( )⋅+ K rt1( ) H θ0( )⋅+



⋅:=

µaH x θ0,( ) 86400− δaH x rPh⋅ θ0,( )⋅:= µaH x1 θ0,( ) 2.472= µaH x1 180 deg⋅,( ) 0.784=

Courbes Phillips

µaPh θ0( ) 86400− δaH rPh θ0,( )⋅:= µaPh θ0( ) 1.251= µaPh 180 deg⋅( ) 0.816=
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θm 100 deg⋅ 110 deg⋅, 360 deg⋅..:= x1 1.02:= x2 0.98:=

100 150 200 250 300 350 400

0.5

1

1.5

2

2.5

3

µaH x1 θm,( )
µaH x2 θm,( )
µaPh θm( )

θm deg
1−

⋅

Déplacement du centre de gravité

Modifications de la forme des courbes terminales κ 0.367:=

fg rt1 θ, s,( ) 1 i θ⋅
s

Lt rt1( ) κ−








⋅+







e

i θ⋅
s

Lt rt1( )
⋅

⋅:= fg1 rt1 θ, s,( )
s
fg rt1 θ, s,( )d

d
:=

fgA rt1 θ,( ) fg rt1 θ, lt rt1( ),( ):= fgB rt1 θ,( ) fg rt1 θ, lt rt1( ) L+,( ):=

fg1A rt1 θ,( ) fg1 rt1 θ, lt rt1( ),( ):= fg1B rt1 θ,( ) fg1 rt1 θ, lt rt1( ) L+,( ):=

ζat rt1 θ,( ) rA ρ1 rt1( )⋅ e
i− ϕ1 rt1( )⋅

⋅ 2 a⋅+




 fgA rt1 θ,( )⋅ rA

2
ρ2 rt1( )⋅ e

i− ϕ2 rt1( )⋅
⋅ fg1A rt1 θ,( )⋅−





 OA⋅:=

ζat´ rt1 θ,( ) i rB⋅ 2 a⋅+( )− fgB rt1 θ,( )⋅ rB
2
fg1B rt1 θ,( )⋅+



 OB⋅:=

ζa x θ,( )
1

Lt x rPh⋅( ) ζat x rPh⋅ θ,( ) ζat´ x rPh⋅ θ,( )+( )⋅:=

Courbes Phillips ζaPh θ( ) ζa 1 θ,( ):=

Graphes du déplacement du centre de gravité

n 201:= i 0 n 1−..:= ∆θ
4 π⋅

n 1−
:= θ i 2− π⋅ i ∆θ⋅+:= ξaPh

i
Re ζaPh θ i( )( ):= ηaPh

i
Im ζaPh θ i( )( ):=

ξe1
i

Re ζa x1 θ i,( )( ):= ηe1
i

Im ζa x1 θ i,( )( ):= ξe2
i

Re ζa x2 θ i,( )( ):= ηe2
i

Im ζa x2 θ i,( )( ):=
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Perturbation de période en position verticale

Modifications de la forme des courbes terminales

f rt1 θ0, s,( ) s

Lt rt1( ) κ
s

Lt rt1( )−







J0 θ0

s

Lt rt1( )⋅








⋅
1

θ0
J1 θ0

s

Lt rt1( )⋅








⋅−








⋅:=

f1 rt1 θ0, s,( )
s
f rt1 θ0, s,( )d

d
:=

fA rt1 θ0,( ) f rt1 θ0, lt rt1( ),( ):= fB rt1 θ0,( ) f rt1 θ0, lt rt1( ) L+,( ):=

f1A rt1 θ0,( ) f1 rt1 θ0, lt rt1( ),( ):= f1B rt1 θ0,( ) f1 rt1 θ0, lt rt1( ) L+,( ):=

Za1 rt1 θ0,( ) rA ρ1 rt1( )⋅ e
i− ϕ1 rt1( )⋅

⋅ 2 a⋅+




 fA rt1 θ0,( )⋅ rA

2
ρ2 rt1( )⋅ e

i− ϕ2 rt1( )⋅
⋅ f1A rt1 θ0,( )⋅−





 OA⋅:=

Za2 rt1 θ0,( ) i rB⋅ 2 a⋅+( )− fB rt1 θ0,( )⋅ rB
2
f1B rt1 θ0,( )⋅+



 OB⋅:=

Za rt1 θ0,( ) 1

Lt rt1( ) Za1 rt1 θ0,( ) Za2 rt1 θ0,( )+( )⋅:=

δaV rt1 θ0,( ) g−
ms L⋅

E I33⋅
⋅ Im Za rt1 θ0,( )( )⋅:= δaV rt1 θ0,( ) 2.284 10

5−
×=

µaV x θ0,( ) 86400− δaV x rPh⋅ θ0,( )⋅:= µaV x1 θ0,( ) 1.974−= µaV x1 180 deg⋅,( ) 0.962−=
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Courbes Phillips µaVPh θ( ) µaV 1 θ,( ):=

θm 100 deg⋅ 105 deg⋅, 360 deg⋅..:=

100 150 200 250 300 350 400

4

2

2

4

6

µaV x1 θm,( )
µaV x2 θm,( )
µaVPh θm( )

θm deg
1−

⋅
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